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hy = K /'y, ap = K/A,

and for a negative value of ), we have
hy =—K/a,”
from which it follows that a," = — K [/ A,.
The initial function p, () which represents the pressure at the initial instant of time,
can be expanded into a series in eigenfunctions of the integral equation (2, 6) which are
orthogonal by virtue of the kernel

Po@ = 3 A0 (@) + 3 Bupne z)

The pressure at subsequent instants of time is given by

p(x,?) —ZA exp( " >pn' t+ ZB exp< B ]m( | )Pm ®)

n=1

where A," denotes the positive,and A" the negative characteristic numbers,
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An approach-evasion problem with a functional target set under constraints on
the system's trajectory is studied for a conflict-controlled system described by
a differential-difference equation. The main result states: either a strategy
exists for the first player resolving the approach problem or a strategy exists
for the second player resolving the evasion problem, The paper is closely re-
lated to [1—6],

1, We examine the system with aftereffect

(t) =f(t 2 (), u, V), te<<EC D (1.1
u=PCE, veQCE,

Here x is the n-dimensional phase vector; u and v are the controls of the first and
second players; P and () are compacta; the functional f (¢, x; (s), u, v) is defined
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on the product [¢,, 9] X Bs X P X @, where B, is any one of the spaces C ([—
®, V], or H, (w = const > 0); C (I— w, O0l) is the space of continuous n~dimen-
sional functions z (s), — © < s<C 0, with the norm ||z (s)o = max, |z (8)f; Ha
is the Hilbert space of the n~dimensional functions z (s} with the norm

0

2@ ko= (2O 4 § J2(s) pdsys
=G +2+... 42 =8,

[t x(s) u, v) = *E z(—1), ..., z(— Tm)y @ (, =z ), u, v)
when B, = H,. The functionals f(t, z(s) u, v), @ (& x (s)) 2and f* (¢, 2. . -,
Zm, 2, U, v) are continuous and satisfy a Lipschitz condition in 2z (s) and (z,. ., ,
Zm, z) ,respectively. The following growth conditionsare satisfied uniformly with res-
pectto u = P and v &= Q forany x () & B, : if Bo = C (I — ®, 0]), then

IF @ z6:u o] <&@+ 8 0 2 (o
if B, = H,,then
]lf* (t! iy v v ny B, q)(tv T (S)), i, U)"< gl (t) +

L]z () e + ’§1 n; (t) 24

where §; (¢) are nonnegative functions summable on [£y, ] ; 7; (¢) are nonnegative
functions square=summable on [Z,, @] . We denote

T8 =z z(s58) =a(t+s58),—8<<s<0(E>0)
The element z, (s; ©) and the nonempty closed sets

NC ”0,'&] X Ba, A{C(to"m +
7, 9] X Bu (u = const > 0, T = max [o, ul)
are specified,
The purpose of choosing the control u, formed on the feedback principle z [#] =
u (t, z (¢ -+ s; 7)), is to ensure that the trajectory segment z (f - s; ) isled onto
M no later than at the instant & while retaining the trajectory segments realized during
the motion in a given set [V for any measurable realization v [¢]. The purpose of choos~
ing the coatrol v, formed on the feedback principle v [Z] = v (¢, = (¢ + §; 1)), isto
ensure that the motion evades set 1/ inside /V or that this motion is led out of N before
the instant it hits onto .M. Similar problems for systems with aftereffect were studied in
[2, 3] wherein the corresponding alternative statements were proved. In the present pa-
per, in contrast to [2, 3], these problems are satisfied under the additional assumptions
that functional phase constraints are present and that the target sets are more general,
The rule which associates a nonempty closed set U (p) CC P with each pair p =
{t, z (s; 1)}, t > t,, i.e., the game's positions, is called the first player's strategy {7
For p > w and ! = ¢, we set
z (s 1) =25 (5; ), s [— o, 0]
T(57) =2, (— @), s&[— 1, —a))

Let A be some finite covering of the interval {f,, 9] by the intervals T; < ¢ <T Tisy,
To = ty, i = 0, 1,. . .; 8 = max; (14, — 7;). By 2a l#; py, U] we denote the
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function Za [tl, absolutely continuous at t, < t < O ,such that 2 Ity + 55 Tl =
z, (83 T) and for almost all ¢ & [z,, 9]

A [t EF (¢, 25 1t + 55 0], ultl)

where

ulyle U (v, 2 [t + 55 1), F (¢, zalt + 55 ]

ul) =%o {f(t,za [t + 8 0], ulv;], vy v = Q)
A continuous function with the following property is called a motion z [t] = z [f, p,,
Ul: asequence {A;} of coverings with {§;} — O exists such that {xA}. t; p,, U}
converges in C ([¢,, 8]) to z [t] for some sequence of functions. The strategy ¥ and
the motions z [t; p,, V] and x {¢; p,, U, V] are defined analogously. We denote:
X (-3 po, V) is the sheaf of all motions z [t] =z [t; po, VI for te [ty 9]
and X5 (t + 8 Por V) ={z, (5; 8) | 2 (t) = = [£; po, V1}. The following state-
ment is valid [2, 3]:

Lemma 1,1, Thesets X (-; pg, U)y X (*; Po» V) and X (+;.p, U, V) are

compact in themselves in C (1¢y, 9]) and the inclusions

X (’;pm U, V)C X (‘; Po» U)
X (’§pm U! V) (- X (';pO} V)
hold,
Problem 1,1, Find the strategy {/° (f, z (s; 7)) which ensures the contact

{twzlv, -ssplyeMm
{t, z [t + s; pl}y & M, bh+1—o0o< i<,
GezlEt+solleN, (i<, <o

for every motion z [t] = z [i; py, U*] for Te > &, + 7 — o,
Problem 1,2, Find the neighborhood H (V) and G (M) and the strategy V* (¢,
x {s; ©))which exclude the contact

(e 2174 + 5 pl}E G (M)
{4 zlt+s oleEHW), Lt

for every motion z [t] = Z [{; Do~ Vel for Ty b+ T—0
Problem 1,3 (1.4). Solve Problem 1,1(1,2) with Ty = 0.

2, We give below a method for solving Problems 1, 1— 1,4, based on the concept of
extremal strategy from [2 — 4], In what followswe assume the satisfaction of
Condition A, The equality
min max 'f (¢, 2 (s), u, v) = max mmlf(t z(s),u,v)
MEP veQ e ueP
is valid for any vector | € E, and pair {t, z (s)} & [t,, 8] X Ba.
Let some set W (t) C B. be associated with each value of parameter ¢ (f, < I <
§) .Following [1, 2] we say that a set W (), £, <C ¢ < @ is w-stable (v -stable)
if for any numbers £, < £, << t* < 9, element z, (8; ) € W (¢,) and strategy

V.(U) themotion . 1y _ o[t {t,, 24 (5 1)}, V]
(zu [t] = T [£; {Lgr Zx (S Y UD
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exists such that
ay [t* + 5 t1 E W (*) @ [t* + 5 11 E W (*)

ravt+spleM{awlt+s e} EH (M)

even if for one ¢ & [¢,, t*].In what follows we also use the concept of strongly stable
sets from [2],

We choose an arbitrary element z (s) & B, and for W (¢) 5= (JJ we set

r@@) W) =infz(s) —y @) @0
MO 40)
(Il is the norm in B.).

or

A strategy U° is said to be extremal to sets W (¢), ¢, < t < 9, if it is given by sets
U, (t, x (s; 7)) of the form: if W (1) = (J, then U, (1, z (s; 1)) = P; f W (1) %

¢, then
U, (tiz (s 7)) = {ueln:gg (@ (0) —2)' 1 (t, z (5 ®), U, V) =

min max (z (0) —2) f (¢, z (s; ®), u, v)}

uesP reQ
Here z is an arbitrary element of set Z (f, z (s; T)); Z (t, z (s} 7)) is the collection
of elements closest to x (0) in E,, from the set of partial limits of the sequence
{z® (0)} which is the ( -section [2] of some section {y} = {2® (s; 1)} from (2.1),
being a minimizing sequence for x (s; <t) ; the prime denotes transposition. The stra-
tegy V* is defined analogously, We have the valid

Lemma 2, 1. Let the initial position Po = {t4, Zo (5; T)} be such that
z (s 1) € W () (2.2)

If the sets W (2), £, <C ¢ <C @ are strongly u (v)-stable, then the strategy U* (V°)
extremal to them ensures the equality

rizg s, W) =0, <t

for any z [t] = z [t; p,, Uel (z [1) = z [¢; po, Ve)).

We denote: W (1) = {z (s) = Hs|z (0) = y (0), z(s) =y (s; 7) for almost
all -8 s<C 0, y(s; 1) W (D)} K isthe closure of set K; X, (¢, z (55 1),
VM ={y={ 26} test, t], 2(6) =2l +s08s 2 [l X (;
{t;, z(ss ©)}, V)}; M (¢,) (I (t,)) is the section of set M (/V) by the hyper-
plane t =t W = {{t,z (s; 1)} |t & [ty O], 2 (55 D) EW (D)}.

In a way similar to Theorem 2, 2 of {4] we can prove

Lemma 2,2, Let u~stable nonempty sets W (f), to < ¢ <C 0 exist such that
W"u, (t) T N () foranl te ¢, 8] and W,(8) C M (9). Then, when conditions
(2. 2) are satisfied the strategy, /¢ extremal to these sets solves Problem 1, 1,

There holds

Lemma 2.3, Letthe nonempty sets W (t), £, <C £ <C ¥ be p-stable and let a
closed neighborhood G, (M) of set M exist with the property: W ) G, (M) = (J.
Then we can find a number o > O such that the strategy V¢ extremal to them solves
Problem 1,2 for all Z, (s; T) from the &.-neighborhood of set W (Z).

On the basis of Lemmas 1, 1 and 2. 1 we can verify the validity of

Lemma 2,4, Letthesystemofsets D (t) C B:, ty X !X ¥ be u (v)-stable;
then the system of sets D (t), t, << &t <C @ is u (V)-stable.
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From the space {{, z (s; T)} we remove all those positions {1, z, (s; T)} (¢,
{£,, O1) for each of which Problem 1,2 (1.4) is solvable on the interval [t,, 9]. By
Wu (t,) (W (L)) we denote the set, closed in B, of all the remaining positions.

Lemma 2.5. The sets Wu (2), ¢, <C t < O are u-stable, If Z, (S; T) SW* (t,),
then the strategy U¢ extremal to them solves Problem 1. 1.

This assertion can be proved along the lines of the proofs of the analogous assertions
in [1— 3], Assuming that the sets W% (¢), t, < t & ¥ are not u=-stable, we conclude:
we can find t, = [t), 8], t* & (i, 9, 24 (s; ©) & W' (¢,) and a strategy V; suchthat

X (@* + 55 {te, zx (55 DLV W) = g
XIL (F, 2 (s D, 4, V)M =

By the definition of sets W () , with certain V= V (z3), G (M) = G (M) and H (N) =
Hy (N) Problem 1.2 is solvable for every z, (s;1) & X, (t* + & {tw, 2z (52 D}, Vy).©
We consider the set Wiz =t z (s D} * <t <1 (@D

z(s; %) = z, [t + s {t*, 2 (s DY, V (2p)]

where (1, (z[-]) is the instant at which the motion x [¢#] first leaves the region #, (N)
It can be proved that the sets W, (¢, z;), t* <<t <O, where W, (¢, p) = W (t, zp) if
W(t,z;) 5+ & and W, (¢, z) = ¢ if W (t, o) = J, are v -stable, Using Lemma 2,3
we easily verify that the strategy ve (z),) extremal to Wy (1, z), t* <t ¥, solves
Problem 1, 2 for certain By, > 0, Gp* (M) and Hy * (V) for all z (s; ) & S (Bz). (S (Bn)
is a neighborhood of radius 8, in B, of the element av (s; T)}. By virtue of the compact-
ness in B_ of the set X, (¢* + si {t4, 24 (s; TV}, Vy) (Lemma 1, 1), it can be covered
by a finite system of such neighborhoods S (B;) k= 1,2, ..., 7. We consider the set
Wy = (Wi (1), tx« <t} of pairs {¢, z (s; T, z (55 T) = W, (2}, which satisfy the con-
dition By SE 2 (5 7) = 2 [t + 55 (B 74 (55D VAl
or the condition

<<t (2 D), 2 (s ) = 2 [t s (8% 2 (s D) Ve ()]

Here z (s; 1) is an arbitrary element of S (B); t* (z [-]) is the instant at which the mo-
tion tj first leaves the region
fon 2 1] BN B vy =0 vy,
k
Let us prove the p=stability of sets W, (#), t, < ¢t < ¥. We assume to the contrary that
instants # and % (f, > t;) from [¢, #] ,4n element z; (s; T) & Wy (1) and a strategy U,

exist such that (tyag [t s {2y, Ul € H(N), 6, <t <ty (2.3)

X o+ siftnn (50, U) N WL () = & (2.4)
For instance, let #; > t*. From the method of constructing W, we can find a number %,

an element g (s; 1) = S () and a motion  z° (t] = = [t; {t*, ¢ (s; T)}, Ve (zk‘)] such
that 21 (s; V) = 2° [t + s; 7], & <<* (2° [-]). We consider an arbitrary motion

z* [t] = [t; [tl? zy (S; T)}’ Ul’ Ve (xkl)]

If 1* = 1* (2* [.]) < &, then by the construction of W* (7) and Lemma 1,1, {7*, 2* X
[v* + s; ©]} & H (V), which contradicts (2.3). If ©* >> &, then z* [, + s; ] & W, (t),
which contradicts (2.4), Tr~ v -stability of the sets W, (1), t« < ¢<(¥ and with 4 <
t* , can be verified analogously, It is clear that w, N 'G (M) = ¢, for any closed
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neighborhood of the set M G (M) C (’373;!* (M). Using Lemma 2,3 we can establish

(since z4 (s} T) & W (t4) ) that the strategy Ve extremal to the sets W, (8), t, < ¢ << O
solves Problem 1,2 with certain H (N) and ¢ (M). However, this is possible only when
z¢ (55 1) & W (t,). The latter property of sets W¥ (1), t, < ¢t < @ follows from the way
they were constructed and from Lemma 2, 2, The lemuma has been proved,

In a manner similar to Lemma 2,5 we can prove

Lemma 2, 6. Thesets W° (1), ¢, < ¢t < O are strongly u~stable, If 2, ($; HE
W*® (y), then the strategy U® extremal to them solves Problem 1,3,

From Lemmas 2.2, 2.5 and 2,6 follow:

Alternative 1. Either z, (s; 1) & W*(¢,) and then Problem 1. 1 is solvable
(where as the strategy U/e (¢, z (s; 7) We can take the strategy U® extremal to the
sets We(t), £, <t ), or z4 (55 1) & W (2,) , and then Problem 1,2 is solvable,

Alternative 2, Either %o (5; 1) & W® (¢,) and the Probler 3 is solvable
(where as the strategy [/® (¢, « (s; 1) we can take the strategy U° extremal to the
sets We(t), ¢, <1 B)), of x, (55 T) & W° (t,) and then Problem 1,4 is solvable,

3. We indicate two methods for constructing strongly u (v) -stable sets, similar to
{13. Let us set the inclusion .
r(edtzt+s0), LIy : (3.1
Ot z(s;0) = ﬂQ £ (t, z(s; 0),)
=

Lemma 3,1, Let @ (t, z (s; @) 7= (J for each pair {¢, = (s; @)} from some
domain D &= {#,, 9] X B, and let there exist an absolutely continuous solution & =
w(t)(t, <t << Q) of inclusion (3, 1), satisfying the conditions

Wty + 8 0) = 2 (5; ©), w @+ s p) M(®©)
{fwt+soeDON, I
Also let Condition A be satisfied in some open domain D, such that {t, w (¢ + §;
©)} & Dy, t, < t < 9 . Then the strategy U° extremal to the pata
W=[hzsD o<t aolst)=w(+s 1)}
ensures the displacement of all positions {f, 2= [t + s; p,, U*]} along this path up to
contact with {&, M (8)}.

Let Condition A be satisfied for each pair {t, z {s; ®)} from some open domain D,,

such that IV (T D, and {4, 74 (5; ©)} & D, and let the function

®(tx(s; 0)hl)=— m:_:;; méle’f (¢, z (5, ®), u, v)
k73 4

be convex in I, We denote x (t) = z (t; t,, 2, (5; ®)) to be an arbitrary solution of
the inclusion . :
TOERE T+ 0), to<t<D (3.9
Rt,z(s;0)) = [ F(t, z(s; o)), u)
uspP
and let T = T (z(-)) be the first instant that either {7, z (v + 5; ©)} & D, or

{hz(t+su)e M.
Lemma 3,2, If R(t z(s; 0)) # T for {t, z (s; @)} & D, and the solu-
tion g (f) == z (t; Lo, To (83 ©)) of inclusion (3, 2) exists, for which the position
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{t, = (t 4 s; 1)} bypasses M until an exit from N or bypasses M until the instant
¥, then the strategy V° extremal to the path {¢, x (¢ + s; 1)} solves Problem 1, 2,
Oﬂ}erwise, the strategy U* extremal to the set W = [{t, z (s; 1)} [t <t <<
T(z (+)), = (1) = x (t; t4, o (83 ®))] solves Problem 1, 1.

Note 3. 1. From these results we can similarly obtain (see [1], Sect. 18) the solu-
tions of the following problems.,

Problem 1,5, Find the strategy U = U, (¢, x (s; T)) satisfying the condition

ﬂ?IWm[ﬁ+$uD=%p3?1wﬂﬁ+mun
(zv [t = = [t; {t,, 2, (s; 1)}, U

Problem 1. 6. Find the strategy V = V, (¢, x (s; 7)) satisfying the condition
ir[l.f]I(xVe [0+ s p]) = m‘a/\x }(I[lf]] (v [ 4+ s;1))

(zv [t} = z [t; {t,, 2, (5; 7)), U))

The functional I (z (s; 1)) is assumed to be lower (upper) semicontinuous in Bj,.
3.2, Alternatives 1 and 2 are valid also if by the motion z [t; {t,, .z (s; T)},
Ul (x [t; {t5, z (s; )}, V]) we mean a continuous function z [#] with the property:
sequence {A;} of coverings exists, with {8;} — 0 as j — oo, such that the sequence

{xAj (5 {to, 2 (5 7}, Ul}

({za; [t; {t, z; (s T)}, V1))
of functions converges in C ([, #]) to x [¢],where z; (s; T) = 2 (s; T) in B: as
j — oo. In this case the sheaf

X ('; {t(» z (S; T)}’ U) (X (; {t(l’ r (S; T)}1 V))

is upper-semicontinuous by inclusion [1] at each pointz (s; T) = z, (5; T) (relative to
the parameter z, (s; T)'and in the metric of C ([t,, 8])). Under such definition of
motion the approach-evasion game with information storage [1] (with complete memory
[61) is a special case of Problems 1,1 and 1, 2 if the functional ¢ = ¢ (z [t], 1, <<

1 << o0) (see [1], p. 427) satisfies the condition: ¢ = ¢ (z [¢], #, << t < ¥,), where
¥, is some positive number, In this connection

©=0,p—>0,Bs~C(—8 00N =B,
((1) = WP = ¥y, Bs = c ([""6, 0]))

The author thanks Iu, S, Osipov for posing the problem and for valuable advice.
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A nonlinear escape problem for conflict-controlled systems described by differ-
ential equations with a lagging argument is considered, The sufficient escape
conditions which are realized in the class of piecewise~constant functions are
obtained, The paper relates to the researches in {1 — 8] and is a continuation
of [9, 10].

1, Let asystem's motion be described by the differential equation

r@)=fEe®zt—1u,v,usU vV (LD

Here z is the n-dimensional phase vector, © and v are the control parameters of the
first and second players, U/ and V are closed bounded sets, The function f (z, -, u,
v) is continuous in all arguments and is continuously differentiable in Z and &, T >0
is the magnitude of the lag, A terminal set M, which is subspace, is delineated in the
space £", The game terminates if 2 (¢) hits onto set M. As the initial state for the
game (1, 1) we can take any absolutely continuous function g (¢) given in the interval
[— 1, 0].In what follows we assume that derivatives of all the orders needed are pre-
sent w the functions g (¢} used as the intial functions; these derivatives and the func-
tions themselves satisfy in the interval [— v, 0] a Lipschitz condition with a constant
not exceeding a specified number C,

The vector z (t) moves under the action of the measurable functions u (t} and v (2);
the conditions ensuring the continuability of the solution ¥ (¢} onto the whole semi-
infinite time interval are assumed satisfied, At each instant ¢ the players know the
game's state 2y (s) = & (¢ + 5), — © <{ 5 < 0. This restricts the information avail-
able to the second player from whose position the game is analyzed. We also assume
that from the function x (t) specified in some time interval, the escaping can instantly
compute its derivatives of all orders needed at any point of the interval,

Let us describe how the game proceeds. From the known current state z (-) (a dot
within the parentheses means that the functior x (f) on the whole, is beiag tre.ted as
an element of a functional space) the second plaver determines a number g (z (+)) >
0, selects a control v (f) = v (z(+); &), 0 < ¢t < & (z(-)),and informs his oppo-
nent, On the basis of the information received the first player sets his own control ¥ (2)



